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1. INTRODUCTION

Increasing interest in nanosized particles is due to
their special features different from those of the bulk
material. When studying real nanosized and nanostruc-
tured systems, one often deals not with an isolated
nanoparticle but rather with an ensemble of interacting
particles, which poses additional problems in interpret-
ing the experimental data. In this connection, the most
important problem is to study the collective behavior of
magnetic particles in various disperse systems. Mag-
netic interparticle interactions play an important role
and even can sometimes determine the behavior and
properties of disperse magnetic structures in compari-
son with noninteracting, isolated, or nonmagnetic
nanoparticles. The most studied effects are the changes
in the coercive field [1, 2] and in the ferromagnetic res-
onance (FMR) spectra [3–6]; the “phase transition”
from the disordered to an ordered magnetic state in a
system of interacting small superparamagnetic parti-
cles [7]; and the magnetic phase decomposition of lan-
thanum manganites and related materials [8], upon
which the material remains in the homogeneous chem-
ical and structural state, but it is magnetically inhomo-
geneous. Interparticle interactions not only influence
the fundamental properties of structures on an ultras-
mall scale [1, 9–11], but they also expand the possibil-
ities of producing nanostructural systems with preset
characteristics, since they can cause self-assembling of
magnetic nanoparticles [12, 13] into low-dimensional
regular structures under certain synthesis conditions.
The temperature of critical phenomena in this case is
largely determined by the energy of magnetic dipole
interaction.

One of the most important characteristics of dis-
persed magnets is the dependence of the magnetization
of the system on external magnetic field. The process of
magnetization of an isolated single-domain ferromag-
netic particle with uniaxial magnetic anisotropy was
studied long ago [14, 15]. However, the problem
regarding the change in the magnetic moment of
dipole-interacting magnetic particles has been solved
only for certain particular cases and, as a rule, under the
assumption that the ratio of the dipole–dipole interac-
tion constant to the magnetocrystalline anisotropy con-
stant is small [2, 16].

The effect of the magnetic interparticle interactions
on the integrated characteristics of the process of mag-
netization of a disperse system has been studied theo-
retically in many papers [1, 3, 17, 18]. It has been
shown, in particular, that the magnetic dipole–dipole
interaction decreases the energy barrier to magnetiza-
tion reversal and decreases the coercive force of the
system in comparison with the case of noninteracting
particles [1, 16] and that the magnetic relaxation rate
decreases as the magnetic interparticle interaction
increases [18].

In [4], using a simple model of two interacting iden-
tical magnetic dipoles, it was shown for the first time
that, for certain parameter values, a qualitatively differ-
ent process of particle magnetization reversal can
occur. Specifically, the dipole–dipole interaction can
cause the appearance of jumps in the magnetization and
the corresponding hysteresis with variation in the mag-
netic field strength without reversing the field direction.
A necessary condition for this effect to occur is that the
different contributions to the total energy of the system
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(Zeeman energy, magnetocrystalline anisotropy energy,
dipole–dipole interaction energy) be of the same order
of magnitude. Using the FMR method, it has been
found experimentally that such processes in magnet-
based disperse systems manifest themselves as addi-
tional narrow weak lines [4, 5]. These processes were
studied further in the lanthanum manganites exhibiting
colossal magnetoresistance [6]. It was shown that, by
analyzing the additional narrow lines in the FMR spec-
tra, one can obtain information on the spatial magnetic
phase inhomogeneity of magnets exhibiting colossal
magnetoresistance.

It is well known that hysteretic magnetization of a
magnetic particle in positive magnetic fields can also
occur in the absence of interparticle interaction for cer-
tain particle geometry and a certain strength of magne-
tocrystalline anisotropy of the particle. For example,
magnetocrystalline anisotropy of a particle can cause
hysteresis in positive fields in the case where an iso-
lated particle has a cubic symmetry and an external
magnetic field is applied along the (1,1,1) direction
[19]. Numerical calculations showed that the probabil-
ity of this phenomenon occurring in randomly oriented
particles in a disperse sample is extremely low [4].
Another example of hysteresis in positive fields is the
Barkhausen effect discovered in 1919. In this case,
jumpwise changes in magnetization are due to retarda-
tion of domain wall motion by structural defects in fer-
romagnetic particles. The Barkhausen effect is
observed in multidomain particles in low magnetic
fields; under these conditions, magnetization occurs
through domain wall motion. It should be stressed that
the distinctive feature of the Barkhausen effect is irre-
producibility of jumps in magnetization with varying
external magnetic field. Steplike changes in magnetiza-
tion in positive fields are also observed in single crys-
tals with a chainlike structure, such as Ca

 

3

 

Co

 

2

 

O

 

6

 

, in
which the intrachain and interchain interactions are fer-
romagnetic and antiferromagnetic in character, respec-
tively [20]. In this case, however, jumps in magnetiza-
tion can occur only at low temperatures (

 

�

 

10 K) and
are associated with quantum mechanical tunneling,
which is an additional relaxation channel during mag-
netization of the system.

In this paper, we numerically analyze the behavior
of a disperse system consisting of magnetic particles in
an external magnetic field. The particles are assumed to
interact in pairs, with no restriction being imposed on
the strength of the dipole–dipole interaction. The char-
acteristics of jumps in magnetization are calculated as
a function of the magnetic anisotropy of the particles
and the strength of the dipole–dipole interaction
between them. The proposed model is shown to ade-
quately describe the main characteristics of the fine
structure of the FMR spectrum observed experimen-
tally in a disperse system in [4].

2. PHYSICAL MODEL

The energy of a system of two interacting uniformly
magnetized ferromagnetic spherical particles having
uniaxial magnetocrystalline anisotropy is written as

(1)
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magnetic moments of the particles; 
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 is the magnetoc-
rystalline anisotropy constant; 
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dipole–dipole interaction constant, where 
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 is the satu-
ration magnetization; (
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) are the angles
defining the orientations of the magnetic moments 
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, respectively, with respect to the external mag-
netic field; 
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 are unit vectors directed along the
easy axes of the first and second particles, respectively;
and 

 

d

 

 = 

 

d

 

n

 

d

 

 is the position vector of one particle with
respect to the other (
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). Equation (1) can be
expressed in terms of dimensionless variables 
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coordinate system is chosen so that the 
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 axis is directed
along the external magnetic field 
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 = (0, 0, 
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) and the
vector 
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 lies in the 
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 plane. The spherical coordinates
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), respec-
tively. The energy 

 

ε

 

 is minimized with the MATLAB
program package using the BFGS method for the mag-
netic field 

 

h

 

 varying monotonically along the path

 

∞

 

  0  
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.

3. RESULTS AND DISCUSSION

If the interparticle interaction is weak (

 

k

 

d

 

 

 

�

 

 1), the
orientation of the magnetic moments of the particles
varies monotonically as the external magnetic field
decreases gradually to zero. Classical hysteresis is
observed when a magnetic field is then applied in the
opposite direction [14]. In the case of stronger interpar-
ticle interactions, the magnetic moment of the particles
changes jumpwise with positive magnetic field at cer-
tain parameter values of the system. As an example,
Fig. 1 shows the dependence of the angle 
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2

 

 between
the vectors 

 

m

 

2

 

 and 

 

H

 

 on the magnetic field strength for
several values of 

 

k

 

d

 

 and the following parameter values:
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 = 0. It can be seen that, over the range 0.116 < 
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 <
0.431, the direction of the magnetic moment 

 

m

 

2

 

changes jumpwise with positive field without changing
the sign of the field. Naturally, the direction of the mag-
netic moment of the larger particle 

 

m

 

1

 

 also changes
jumpwise at the same value of the magnetic field. This
example is not unique. Stepwise magnetization in pos-
itive fields (SWM PF) can occur at various values of kd

E θ1 ϕ1 θ2 ϕ2, , ,( ) –µH n1 an2+( ) KaV n1e1( )2[–=

+ a n2e2( )2 ] Kd n1n2( ) 3 ndn1( ) ndn2( )–[ ].+

aJs
2
V /d

3
Ka



458

PHYSICS OF THE SOLID STATE      Vol. 50      No. 3      2008

TRUKHAN et al.

and a over certain ranges of values of the angles defin-
ing the orientation of the vectors e1, e2, and nd. This
region of values of θe1, ϕe1, θe2, ϕe2, θd, and ϕd proved
to be fairly complicated. Indeed, this can be seen from
a cross section of this region for fixed values of certain
angles. As an example, Fig. 2 shows the dependence of
the field hj at which the magnetization changes jump-
wise on the angles θd and ϕd for kd = 1, a = 1, ϕe1 = ϕe2 =
θe1 = 0, and θe2 = 40°.

In order to analyze magnetization reversal in a real
disperse system, one should solve a many-particle
problem. However, the strength of magnetic dipole–
dipole interaction decreases rapidly with interparticle
distance. Therefore, for diluted disperse magnets, a
model of pairwise interaction of randomly oriented par-
ticles is a fairly good approximation. Using the Monte
Carlo method, we found the magnetization jump prob-
ability distribution ∆N/N over magnetic-field values in
positive fields for a = 1 and kd = 1 and for a = 0.2 and

kd = 1.2 (Figs. 3a and 3b, respectively). In the former
case, the overall probability of SWM PF is 0.0937 ±
0.0005. It can be seen from Fig. 3 that the maximum
value of the magnetic field H in which magnetization
jumps occur can noticeably exceed Ka/Js. Figure 4
shows the dependence of the SWM-PF probability den-
sity ρSWM PF on the angle θd calculated for a = 1 and
kd = 1. It is seen that SWM PF occurs predominantly
for pairs of particles whose relative position vector is
perpendicular to the external magnetic field. For exam-
ple, the SWM-PF probability density for θd = π/2 is
greater than that for θd ≅ 0.1 by a factor of about 50. The
proportion of pairs of particles for which SWM PF is
observed is plotted in Fig. 5 as a function of kd. For a =
1 and kd = 1, this proportion corresponds to the case
considered above (Fig. 3a). Thus, according to our cal-
culations, SWM PF occurs (at least for 0.1 � a ≤ 1.0) if
the value of kd lies in the range

0.5a � kd � 1.5. (2)

Jumps are absent at large values of kd because the
magnetic moments of the particles in this case are
strongly correlated and exhibit a cooperative behavior,
as a part of a single whole [21]. In the limiting case of
weak interparticle interactions, the dipole–dipole inter-
action has almost no effect on the process of magneti-
zation of the system and jumps occur only in negative
fields [14]. In positive fields, magnetization jumps
occur only if the competing contributions to the energy
of the system are comparable in magnitude. In [2], a
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Fig. 1. Dependence of the angle θ2 between the vectors m2
and H on the external magnetic field h for a system of two
interacting particles calculated for a = 0.2, θe1 = 67°, θe2 =
134°, θd = 94°, ϕe1 = ϕe2 = ϕd = 0, and various values of kd:
(a) 0.114, (b) 0.116, (c) 0.200, (d) 0.430, and (e) 0.432.
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Fig. 2. Dependence of the magnetic field hj (hj > 0) in which
a magnetization jump occurs on the angles θd and ϕd defin-
ing the orientation of the relative position vector d of two
particles calculated for kd = 1 and a = 1. The vector e1 along
the easy axis of the first particle is aligned with the direction
of the external magnetic field (θe1= 0, ϕe1 = 0). For the sec-
ond particle, θe2 = 40° and ϕe2 = 0. The plot is calculated
using the Monte Carlo method.
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particular case of weakly interacting identical particles
was considered, with the easy axes of the particles
being parallel to the external field and θd = π/2. It was
shown that an increase in kd leads to a decrease in the
energy barrier that the system of interacting particles
should overcome during magnetization reversal. At kd =
2/3, the coercive field of a pair of particles vanishes.
The range kd > 2/3, wherein magnetization jumps can
occur in positive fields, was not considered in [2].

The model of spherical particles imposes a geomet-
rical restriction on the maximum value of kd. Indeed,
the minimum distance between the centers of spherical
particles is dmin = r1 + r2, where r is the radius of a par-
ticle. Therefore, the dipole–dipole interaction is limited

by the condition  = /3Ka(1 + a1/3)3. As
shown above, SWM PF can occur if kd � 0.5a; there-
fore, due to the finite size of particles, magnetization

jumps can occur in positive fields if /(3Ka(1 +

a1/3)3) � 0.5. In the case where /3Ka(1 + a1/3)3 �
1.5, the finite size of particles, according to condition
(2), does not impose any restrictions on the occurrence
of SWM PF.

kd
max

4πaJs
2

4πJs
2

4πaJs
2

It is well known that the process of magnetization of
a disperse system depends significantly on the shape of
the particles of which the system is comprised. Let us
analyze the case where the magnetic anisotropy energy
of a particle is mainly due to the shape anisotropy. We
consider particles shaped like an oblong ellipsoid (with
principal axes l|| > l⊥). We assume that l|| ≈ l⊥ and, hence,

the dipole–dipole interaction energy  of ellipsoidal
particles is approximately equal to the corresponding
energy ED of spherical particles. In this case, the energy
of the system is

(3)

where εf = 2E/ ; hf = 2H/Js∆N1; kf = 2aV/d3∆N1;
N||1, N⊥1, N||2, and N⊥2 are the demagnetizing factors of
the first and second particles, respectively; ∆N1 = N⊥1 –
N||1 and ∆N2 = N⊥2 – N||2; and e1 and e2 are unit vectors
parallel to the easy axes of the corresponding particles
(which are directed along the principal axis a of the
ellipsoid in the case under study). From comparing
Eqs. (1) and (3), it follows that, in the case where the
magnetic anisotropy of particles is mainly due to the
shape anisotropy, SWM PF can also occur with charac-
teristics coinciding with those determined above to
within the definition of the dimensionless parameters
(for ∆N1 = ∆N2 = ∆N). For example, an analog of con-
dition (2) is (4/3)(a/∆N) � d3/V � 4/∆N. Moreover, esti-
mates show that the finite size of particles does not
impose any restrictions on the occurrence of SWM PF
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Fig. 3. Magnetization jump probability distribution ∆N/N
with respect to the external magnetic field in a disperse sys-
tem of randomly oriented magnetic dipoles interacting in
pairs calculated for (a) a = 1 and kd = 1 and (b) a = 2 and
kd = 1.2. The bar charts are obtained by averaging the

results of 106 trials.
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chart is obtained by averaging the results of 106 trials.
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in this case. For a = 0.2 and ∆N = 2, we find that

 � 5Js. Thus, in the case where the magnetic
anisotropy energy is mainly due to the shape anisotropy
rather than the magnetocrystalline anisotropy (i.e.,

where  � Ka), the field  below which
SWM PF is observed increases significantly.

We carried out computer simulation of magnetiza-
tion jumps in dispersed ferromagnets with inclusion of
interparticle interactions in the limiting case of a zero
temperature or of sufficiently large particles, where
thermal fluctuations of the magnetic moments of the
particles are negligible. Otherwise, the magnetic

H j
max

Js
2∆N /2 H j

max

moment of a particle exhibits a superparamagnetic
behavior and the transition of the system from one local
minimum to another with a decrease in the external
magnetic field occurs at a higher field value. This effect,
in turn, causes the SWM-PF distribution to broaden to
higher magnetic fields.

It was shown experimentally in [4] that, due to the
specific features of magnetization of a dispersed mag-
net, a fine structure arises in the FMR spectrum. The
above analysis permits us to explain this effect. A jump-
wise change in the magnetization causes a change in the
local magnetic fields exerted on the particles. Figure 6
shows the changes in the projections of the local fields
on the direction of the external magnetic field during
SWM PF for a system of particles interacting in pairs
(kd = 1). It can be seen that the changes ∆Hz for the first
and second particles differ noticeably. The process
under study can change absorption in the FMR spec-
trum if, before or after the occurrence of a magnetiza-
tion jump, the particle is in a local magnetic field corre-
sponding to noticeable absorption. It is also necessary
for the change in the local field for the particle in ques-
tion not to be substantially smaller than the absorption
line width. Moreover, since the hysteresis width during
SWM PF (δH in Fig. 1) is usually greater than the mod-
ulation amplitude of the external magnetic field, the
reproducible change in the FMR spectrum can be
observed only if the values of the derivative of the
absorption (measured experimentally) before and after
a magnetization jump differ substantially. The above
conditions are satisfied for most disperse magnets [22].
For example, the typical FMR absorption line width for
Ni-, Co-, and Fe-based dispersions is ~102–103 G [22–
24]. The change in the local field due to SWM PF
~max(Ka/Js, Js) is of the same order of magnitude
(Fig. 6). In the limiting case where the change in the
local field due to SWM PF is greater than the absorp-
tion line width and the particle is under the resonance
conditions before or after the magnetization jump, the
absorption intensity changes jumpwise by a quantity
equal to the contribution from this particle to the total
FMR spectrum. It should be noted that stepwise mag-
netization of a pair of particles can cause a noticeable
change in the local field exerted on a third particle that
is located in the vicinity of the pair but does not have a
significant effect on SWM PF. If the FMR absorption of
the third particle is strong and the corresponding
absorption line width is small, then an even small
change in the local field can produce a significant con-
tribution to the FMR fine structure.

Figure 7 shows the FMR fine structure measured for
a model Ni-based disperse system. Based on the above
results and the experimental data from [4], the FMR
fine structure in low fields (up to ~1000 G) can be
explained in terms of stepwise magnetization of single-
domain particles and the FMR fine structure in high
fields can be assigned to magnetization reversal in mul-
tidomain particles. Indeed, the two-particle model as
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Fig. 6. Bar chart of the SWM-PF distribution over the
changes in the local field projections on the direction of the
external magnetic field calculated for two interacting parti-
cles for kd = 1 and a = 1.
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Fig. 5. Proportion of pairs of particles for which SWM PF
occurs plotted as a function of kd for a = 1.0 and 0.2.
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applied to single-domain Ni particles predicts a high
probability of SWM PF at fields of up to ≈2Js = 1100 G
(Fig. 3). For almost spherical Ni particles, we have

 ≈ 4.2 > 0.5 and, therefore, SWM PF can occur for
any ratio between their volumes. However, according to
condition (2), the geometrical restrictions decrease the
probability of SWM PF events for spherical Ni particles
with a < 0.17. Since not all of the particles that undergo
SWM PF cause absorption in the field hj of a magneti-
zation jump, the intensity of the FMR fine structure will
be proportional not only to the probability of SWM PF
but also to the number of particles causing absorption
in the field hj. Thus, the fact that the intensity of the
FMR fine structure does not increase significantly as
the magnetic field decreases to zero (Fig. 7) can be due
to a decrease in the total absorption of the particles in
this field.

4. CONCLUSIONS

Thus, we have numerically analyzed the behavior of
a disperse system consisting of magnetic particles
(interacting in pairs) in an external magnetic field. It
has been shown that the magnetization of the system
exhibits hysteresis as the external magnetic field varies
without reversing direction. This effect occurs for a cer-
tain geometry of particles over wide ranges of energies
of magnetic anisotropy and dipole–dipole interaction
between the particles. We have calculated the probabil-
ity of this effect occurring in a disperse system of ran-
domly oriented particles. The characteristic values of
the external magnetic field that correspond to magneti-

kd
max

zation jumps occurring in positive fields can exceed
max(Ka/Js, Js). We have analyzed the conditions under
which narrow lines of the FMR fine structure arise due
to jumpwise changes in the resonance absorption con-
ditions for particles coupled via dipole–dipole interac-
tion. Based on the results obtained, we have qualita-
tively explained the main characteristics of the FMR
fine structure observed experimentally in a model dis-
perse system.
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